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Abstract
In this paper, we give some generalizations of the functional type Caristi-Kirk theorem
(see Functional Type Caristi-Kirk Theorems, 2005) for two mappings on metric spaces.
We investigate the existence of some ﬁxed points for two simultaneous projections to
ﬁnd the optimal solutions of the proximity two functions via Caristi-Kirk ﬁxed point
theorem.
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1 Introduction
Recall that a real-valued function φ deﬁned on ametric space X is said to be lower (upper)
semi-continuous if for any sequence (xn)n of X which converges to x ∈ X, we have φ(x)≤
lim infn φ(xn) (φ(x)≥ lim supn φ(xn)).
In , Caristi (see []) obtained the following ﬁxed point theorem on complete metric
spaces, known as the Caristi ﬁxed point theorem.
Theorem . Let (X,d) be a complete metric space, T : X → X be a mapping andψ : X →
R
+ be a lower semi-continuous function such that, for all x ∈ X,
d(x,Tx)≤ ψ(x) –ψ(Tx). ()
Then T has a ﬁxed point in X.
Let M be a nonempty set partially ordered by ≤. We will say that x ∈ M is a maximal
element ofM if and only if (x≤ y, y ∈M ⇒ x = y).
Theorem . (I. Ekeland []) Let (X,d) be a complete metric space and φ : X → R+ be a
lower semi-continuous function. Deﬁne a relation ≤ by for all x, y ∈ X,
x≤ y ⇔ d(x, y)≤ φ(x) – φ(y), (x, y) ∈ X.
Then (X,≤) is partially ordered and it has a maximal element.
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It is noted that Theorems . and . are equivalent.
In , Bae, Cho, and Yeom (see []) proved some functional versions of the Caristi-
Kirk ﬁxed point theorem; each of these including Theorem . as a particular case.


















Clearly lim inft→α+ c(t)≤ c(α)≤ lim supt→α+ c(t). And we say that c is right lower (upper)
semi-continuous at α if lim inft→α+ c(t) = c(α) (lim supt→α+ c(t) = c(α)).
We obtain a sequential characterization of these local properties:
Proposition . c is right lower (upper) semi-continuous at α if and only if for all sequence










Proposition . If c is right lower (upper) semi-continuous at α then it is right locally
bounded below (above) at α: ∃λ = λ(α) > , such that inf(c([α,α + λ])) > –∞ (sup(c([α,α +
λ])) <∞).
Theorem . (see []) Let φ : X → R+ be a lower semi-continuous function and c :R+ →
R
+ be a upper semi-continuous function from the right such that, for all x ∈ X,
d(x,Tx)≤ max{c(φ(x)), c(φ(Tx))}[φ(x) – φ(Tx)].
Then T has a ﬁxed point in X.
If H :R+ ×R+ →R+, let us consider the functional Caristi-Kirk type contraction
d(x,Tx)≤H(c(φ(x)), c(φ(Tx)))[φ(x) – φ(Tx)]. ()
Theorem . Let φ : X → R+ be a lower semi-continuous function. If c :R+ →R+ be a
right locally bounded from above and H : R+ × R+ → R+ be a locally bounded function
such that, for all x ∈ X,
d(x,Tx)≤H(c(φ(x)), c(φ(Tx)))[φ(x) – φ(Tx)].
Then T has at least one ﬁxed point in X.
For H(s, t) = s, we obtain the following.
Theorem . (see []) Let φ : X → R+ be a lower semi-continuous function and c : R+ →
R
+ be a right locally bounded from above such that, for all x ∈ X,
d(x,Tx)≤ c(φ(x))[φ(x) – φ(Tx)].
Then T has at least one ﬁxed point in X.
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The following deﬁnitions (see []) will be needed.
Let H be a Hilbert space, Ci be a nonempty closed convex subset of H where i ∈ I =
{, . . . ,m},
m =
{
u = (u, . . . ,um) ∈Rm;ui ≥ ,∀i and u + · · · + um = 
}
and PCi :H → Ci, ≤ i≤m, the metric projection onto Ci.
Deﬁnition . (A Cegielski [])
. The operator T =
∑
i∈I wiPCi , where (w, . . . ,wm) ∈ m and I = {, . . . ,m}, is called a
simultaneous projection.
. The function f :H →R+ deﬁned by
f (x) = 
∑
i∈I
wi‖PCix – x‖, x ∈H , ()
called the proximity function.





z ∈ C; f (z)≤ f (x) for all x ∈ C},
where C ⊂H and f : C →R, is called a subset of minimizers of f .
The set of all ﬁxed points of selfmappingT of ametric spaceX will be denoted by Fix(T).
Recently, Farskid Khojasteh and Erdal Karapinar (see []) proved the following result.
Theorem . Let T =∑i∈I wiPCi be a simultaneous projection,where w ∈ m and a prox-










x ∈H ;Tn+x = Tnx},
then Fix(T) = ∅.
2 Main results
Weprove a functional version of Caristi-Kirk theorem for two pairs ofmappings onmetric
spaces.
Theorem . Let (X,d) be a complete metric space, φ : X → R+ be a lower semi-




d(x,Sx)≤H(c(φ(x)), c(φ(Tx)))(φ(x) – φ(Tx)),
d(x,Tx)≤H(c(φ(x)), c(φ(Sx)))(φ(x) – φ(Sx)),
()
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where c :R+ →R+ be a right locally bounded from above and H a locally bounded function
from R+ ×R+ to R+. Then there exists an element x∗ ∈ X such that Tx∗ = x∗ = Sx∗.
Proof First step. Let α = infφ(X); as c is locally bounded from above, there exists λ = λ(α) >
 such that μ = sup c([α,α + λ]) < ∞. It follows that there exists ν = ν(μ) >  such that
H(t, s)≤ ν for all s, t ∈ [,μ].
For some x ∈ X such that α ≤ φ(x)≤ α + λ, we deﬁne the set X by
X =
{
x ∈ X;φ(x)≤ φ(x)
}
;
X is a nonempty closed subset of X. By (), we have
φ(Tx)≤ φ(x)≤ φ(x) and φ(Sx)≤ φ(x)≤ φ(x)
for all x ∈ X; and consequently,T(X)⊂ X and S(X)⊂ X. And sinceφ(x),φ(Tx),φ(Sx) ∈




































Second step. We deﬁne a partial order ≤ on X as follows: for x, y ∈ X
x≤ y ⇔ d(x, y)≤ ν(φ(x) – φ(y)).
Since φ is lower semi-continuous function on the complete metric space (X,d), we see




d(x∗,Sx∗)≤ ν(φ(x∗) – φ(Tx∗)),
d(x∗,Tx∗)≤ ν(φ(x∗) – φ(Sx∗)).
If φ(Sx∗)≤ φ(Tx∗), we obtain d(x∗,Sx∗)≤ v(φ(x∗) – φ(Sx∗)); then x∗ ≤ Sx∗, which implies
Sx∗ = x∗ and Tx∗ = x∗.
The same conclusion holds in the case φ(Tx∗)≤ φ(Sx∗). 
Corollary . Let (X,d) be a complete metric space, φ : X → R+ be a lower semi-




d(x,Sx)≤ c(φ(x))[φ(x) – φ(Tx)],
d(x,Tx)≤ c(φ(x))[φ(x) – φ(Sx)],
where c : R+ → R+ be a right locally bounded from above. Then there exists an element
x∗ ∈ X such that Tx∗ = x∗ = Sx∗.
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Corollary . Let (X,d) be a complete metric space, φ : X →R+ a lower semi-continuous




d(x,Sx)≤ φ(x) – φ(Tx),
d(x,Tx)≤ φ(x) – φ(Sx).
Then there exists an element x∗ ∈ X such that Tx∗ = x∗ = Sx∗.
Let g :R+ →R+ be locally bounded above in the sense that g is bounded above on each
[,a], (a > ).
Corollary . Let (X,d) be a complete metric space, φ : X → R+ be a lower semi-




d(x,Sx)≤ min{φ(x), g(d(x,Tx))(φ(x) – φ(Tx))},
d(x,Tx)≤ min{φ(x), g(d(x,Sx))(φ(x) – φ(Sx))}.
()
Then there exists an element x∗ ∈ X such that Tx∗ = x∗ = Sx∗.
Proof We deﬁne a function c on R+ by ∀t ∈R+, c(t) = sup g([, t]). c is increasing and then










d(x,Sx)≤ c(φ(x))[φ(x) – φ(Tx)],
d(x,Tx)≤ c(φ(x))[φ(x) – φ(Sx)],
for all x ∈ X. By Corollary ., T and S have a common ﬁxed point. 
Theorem . Let (X,d) be a complete metric space, φ,ψ : X → R+ be a lower semi-




d(x,Sx)≤H(c((φ +ψ)(x)), c((φ +ψ)(Tx)))(ψ(x) – φ(Tx)),
d(x,Tx)≤H(c((φ +ψ)(x)), c((φ +ψ)(Sx)))(φ(x) –ψ(Sx)),
()
where c : R+ → R+ be a right locally bounded from above and H : R+ × R+ → R+ be a
locally bounded function.
Assume that there exists x ∈ X such that ψ(Tx) ≤ ψ(Sx) and φ(Sx) ≤ φ(Tx). Then
there exists an element x∗ ∈ X such that Tx∗ = x∗ = Sx∗.
Proof The set X = {x ∈ X;ψ(Tx) ≤ ψ(Sx) and φ(Sx) ≤ φ(Tx)} is nonempty (x ∈ X) and
closed (hence complete), because φ ◦T , φ ◦S,ψ ◦T , andψ ◦S are lower semi-continuous.
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First case. Let α = inf(φ + ψ)(X); since the function c is locally bounded from above,
there exists λ = λ(α) >  such that μ = sup c([α,α + λ]) <∞. Also there exists ν = ν(μ) > 
with H(t, s)≤ ν , whenever (t, s) ∈ [,μ].
Let x ∈ X such that α ≤ (φ +ψ)(x)≤ α + λ. And let
X =
{
x ∈ X; (φ +ψ)(x)≤ (φ +ψ)(x)
}
.
X is nonempty (x ∈ X) and closed since φ +ψ is lower semi-continuous.
By (), we obtain
x ∈ X ⇒ (φ +ψ)(Tx)≤ ψ(x) +ψ(Sx)≤ ψ(x) + φ(x)≤ (ψ +ψ)(x),
x ∈ X ⇒ (φ +ψ)(Sx)≤ φ(Tx) + φ(x)≤ ψ(x) + φ(x)≤ (ψ +ψ)(x).
Hence, for all x ∈ X, Tx,Sx ∈ X. For all x ∈ X, we have
(φ +ψ)(x), (φ +ψ)(Tx), (φ +ψ)(Sx) ∈ [α,α + λ],




H(c((φ +ψ)(x)), c((φ +ψ)(Tx)))≤ ν,
H(c((φ +ψ)(x)), c((φ +ψ)(Sx)))≤ ν.
Second case.We introduce the partial order ≤ on X by
x≤ y ⇔ d(x, y)≤ ν
(
(ψ + φ)(x) – (ψ + φ)(y)
)
.
Since ψ + φ are lower semi-continuous functions, (X,≤) has a maximal element x∗, by





























) ≤ φ(Tx∗) ≤ ψ(x∗) =ψ(Sx∗) ≤ φ(x∗),
we conclude φ(x∗) =ψ(Sx∗), and d(x∗,Tx∗) =  i.e. Tx∗ = x∗.
If d(x∗,Tx∗) ≤ d(x∗,Sx∗), we obtain d(x∗,Tx∗) =  and d(x∗,Sx∗) =  by the same argu-
ments. 






, x ∈ [, ],
x, x ∈ ], +∞[,





 – x, x ∈ [, ],





, x ∈ [, [,

 , x = ,





x, x ∈ [, [,

 , x ∈ [, +∞[.
Let H(t, s) = max{t, s}, (t, s) ∈R+ ×R+, and c(y) = , for each y ∈R+.




d(x,Sx)≤H(c((φ +ψ)(x)), c((φ +ψ)(Tx)))[ψ(x) – φ(Tx)],
d(x,Tx)≤H(c((φ +ψ)(x)), c((φ +ψ)(Sx)))[φ(x) –ψ(Sx)].
()
For x =  , we have ψ(Tx) =

 < ψ(Sx) and φ(Sx) =

 = φ(Tx). Note that x∗ =  is a
common ﬁxed point of T and S.
Theorem . Let d and δ be two metrics on a nonempty set X. Assume that (X,d) is com-
plete. Let (Tn)n be a sequence of lower semi-continuous self mappings on X such that, for




max{δ(x,Tnx),d(x,TnTmx)} ≤H(c(φ(x)), c(φ(Tmx)))(φ(x) – φ(Tmx)),
δ(x,TmTnx)≤H(c(φ(x)), c(φ(Tnx)))(φ(x) – φ(Tnx)),
()
where c :R+ →R+ be a right locally bounded from above and H a locally bounded function
fromR+×R+ toR+.Then there exists an element x∗ ∈ X such that, for all n ∈N∗,Tnx∗ = x∗.
Proof As in the proof of Theorem ., there exists a complete subset Xo of X such that, for










) ≤ φ(x) – φ(TnTmx),
for each x ∈ X and n,mN∗. since φ is lower semi-continuous and (X,d) is complete, the





≤ φ(xn,m) – φ(Tmxn,m),
≤ φ(Tmxn,m) – φ(TnTmxn,m) = φ(Tmxn,m) – φ(xn,m).
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Then φ(xn,m) = φ(Tmxn,m). By (), we obtain
δ(xn,m,Tnxn,m)≤ φ(xn,m) – φ(Tmxn,m) = ,
which leads to Tnxn,m = xn,m. By the second relation of (), we have
δ(xn,m,Tmxn,m) = δ(xn,m,TmTnxn,m)≤ φ(xn,m) – φ(Tnxn,m) = ,
which leads to Tmxn,m = xn,m.
Hence, there exists xn,m ∈ X such that Tn(xn,m) = xn,m = Tm(xn,m).
Let mo ∈N∗. For each n,m ∈N∗,
δ(xn,mo ,TmTnxn,mo )≤ φ(xn,mo ) – φ(Tnxn,mo ) = .
Consequently, for n =mo and for allm ∈N∗, we obtain Tmxmo ,mo = xmo ,mo . 
Theorem . Let (X,d) and (Y , δ) be two complete metric spaces. Let T : X → Y , S : Y →
X be twomappings andψ : X →R+, φ : Y →R+ two lower semi-continuous functions such




d(x,STx)≤H(c(ψ(x) + φ(y)), c(ψ(Sy) + φ(Tx)))[ψ(x) – φ(Tx)],
δ(y,TSy)≤H(c(ψ(x) + φ(y)), c(ψ(Sy) + φ(Tx)))[φ(y) –ψ(Sy)],
()
where c :R+ →R+ is a right locally bounded from above and H :R+ ×R+ →R+ is a locally
bounded function. Then there exists a couple (x∗, y∗) ∈ X × Y such that STx∗ = x∗ and
TSy∗ = y∗. Also, then Tx∗ = y∗ and Sy∗ = x∗.
Proof First case. Let α = inf(ψ(X) + φ(Y )). The function c is locally bounded from above,
there exists λ = λ(α) >  in such a way that β = sup([α,α + λ]) < ∞ and there exists ν =
ν(β) >  with H(t, s)≤ ν for each s, t ∈ [,β].
By deﬁnition of α, there exists (x, y) ∈ X × Y such that
α ≤ ψ(x) + φ(y)≤ α + λ.
The set A = {(x, y) ∈ X × Y ;ψ(x) + φ(y)≤ ψ(x) + φ(y)} is nonempty and closed.
By (), we obtain
(x, y) ∈ A ⇒ φ(Tx) +ψ(Sy)≤ ψ(x) + φ(y)≤ ψ(x) + φ(y) ⇒ (Sy,Tx) ∈ A.
For all (x, y) ∈ A, we have
ψ(x) + φ(y),ψ(Sy) + φ(Tx) ∈ [α,α + λ].




H(c(ψ(x) + φ(y)), c(ψ(Sy) + φ(Tx)))≤ ν,
H(c(ψ(x) + φ(y)), c(ψ(Sy) + φ(Tx)))≤ ν.
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d(x,STx)≤ ν(ψ(x) – φ(Tx)),
δ(y,TSy)≤ ν(φ(y) –ψ(Sy)).











δ(y,TSy)≤ ν(φ(y) – φ(TSy)).
()
Deﬁne the partial order ≤ in A as follows: for (x, y), (x′, y′) ∈ A
(x, y)≤ (x′, y′) ⇔ d(x,x′) ≤ v(ψ(x) –ψ(x′)) and δ(y, y′) ≤ v(φ(y) – φ(y′)).
Let (xα , yα)α be some chain of A;
α ≤ β ⇔ (xα , yα)≤ (xβ , yβ )




and δ(yα , yβ )≤ ν
(
φ(yα) – φ(yβ )
)
.
(ψ(xα)α) and (φ(yα)α) are increasing bounded and thus convergent sequences.
Let γ = limα ψ(xα) and η = limα φ(yα).




ψ(xα) –ψ(xβ )≤ (ε + γ ) – γ ≤ ε,
φ(yα) – φ(yβ )≤ (ε + η) – η ≤ ε,
which implies that ((xα , yα))α is a Cauchy sequence in the complete space (A,d∞) where d∞
is deﬁned by d∞((x, y), (x′, y′)) = max{d(x,x′), δ(y, y′)}. It follows that there exists (x∗, y∗) ∈ A





d(xα ,x∗)≤ ν(ψ(xα) –ψ(x∗)),
δ(yα , y∗)≤ ν(φ(yα) – φ(y∗)).
Hence, (xα , yα)≤ (x∗, y∗). And by the Ekeland theorem, (A,≤) has amaximal element (x¯, y¯).





δ(y,TSy)≤ ν[φ(y) – φ(TSy)].
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And since (A,d∞) is complete and (STx,TSy) ∈ A, for all (x, y) ∈ A, there exists (x¯, y¯) ∈ A
such that (STx,TSy) = (x, y). 
For h(t, s) = , for all (t, s) ∈R+ ×R+, we have the following.
Theorem . Let (X,d) and (Y , δ) be two metric spaces such that (X,d) is complete. Let
T : X → Y , S : Y → X be two mappings and ψ : X → R+, φ : Y → R+ two lower semi-




d(x,Sy)≤ ψ(x) – φ(TSy),
δ(y,Tx)≤ φ(y) –ψ(STx).
Then there exists an unique couple (x∗, y∗) ∈ X × Y such STx∗ = x∗, TSy∗ = y∗; and then
Tx∗ = y∗ and Sy∗ = x∗.




d(x,STx)≤ ψ(x) – φ(TSTx),
δ(y′,Tx) = δ(TSTx,Tx)≤ φ(TSTx) –ψ(STx).
It follows thatφ(TSTx)≥ ψ(STx) and d(x,STx)≤ ψ(x)–ψ(STx), for all x ∈ X. By theCaristi
theorem, there exists x∗ ∈ X such that STx∗ = x∗.









≤ d(x∗,Sy∗)≤ ψ(x∗) – φ(TSy∗) =ψ(x∗) – φ(y∗),
δ(y∗,Tx∗)≤ φ(y∗) –ψ(x∗).
Then φ(y∗) =ψ(x∗) and x∗ = Sy∗. Hence, TSy∗ = y∗.









d(x,x∗)≤ ψ(x) – φ(y∗),





d(x∗,x)≤ ψ(x∗) – φ(y),
δ(y∗, y)≤ φ(y∗) –ψ(x).
So, ψ(x∗) = φ(y) and φ(y∗) –ψ(x). Then x = x∗ and y = y∗. 
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Theorem . Let (X,d) and (Y , δ) be metric spaces. Assume that (X,d) is complete. Let
T : X → Y , S : Y → X be two mappings and ψ : X → R+, φ : Y → R+ two lower semi-




d(x,Sy)≤ ψ(x) – φ(Tx),
δ(y,Tx)≤ φ(y) –ψ(Sy).
Then there exists an unique (x∗, y∗) ∈ X × Y such that STx∗ = x∗ and TSy∗ = y∗. And then
Tx∗ = y∗ and Sy∗ = x∗.




d(x,STx)≤ ψ(x) – φ(Tx),
≤ φ(Tx) –ψ(STx).
So, for all x ∈ X, d(x,STx) ≤ ψ(x) – ψ(STx). By the Caristi theorem, there exists x∗ ∈ X
such that STx∗ = x∗.




d(x∗,Sy∗)≤ ψ(x∗) – φ(Tx∗) =ψ(x∗) – φ(y∗),
δ(y∗,Tx∗)≤ φ(y∗) –ψ(Sy∗) = φ(y∗) –ψ(x∗),
which leads to φ(y∗) =ψ(x∗) and x∗ = Sy∗. Hence, TSy∗ = y∗.









d(x∗,Sy)≤ ψ(x∗) – φ(y∗),
δ(y∗,Tx)≤ φ(y∗) –ψ(x∗).
Soψ(x∗) = φ(y∗).We obtain x∗ = Sy and y∗ = Tx. Thereby, y = TSy = Tx∗ = y∗ and x = STx =
Sy∗ = x∗. 
Example . Let X = [,+∞[ and Y = [,  ] ∪ {}; we use the usual metric d and the





x + y if x = y,
 if x = y.





 if x ∈ [, [,

+x if x ∈ [, +∞[,
and Sy = , for all y ∈ Y .
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 if x ∈ [, [,
 if x = ,





y +  if y ∈ [,  [,
 if y =  ,

 if y = .
The functions c and H are deﬁned by c(t) = t and H(t, s) = t, for all s, t ∈ [, +∞[.
We have STx =  and TSy =  , for all (x, y) ∈ X × Y .
We discuss the following cases:
Case : x ∈ [, [ and y ∈ [,  [.
We obtain d(x,STx) =  – x, δ(y,TSy) = y +  , ψ(x) + φ(y) = y + , ψ(x) – φ(Tx) =

 and




d(x,STx)≤H(c(ψ(x) + φ(y)), c(ψ(Sy) + φ(Tx)))(ψ(x) – φ(Tx)),
δ(y,TSy)≤H(c(ψ(x) + φ(y)), c(ψ(Sy) + φ(Tx)))(φ(y) –ψ(Sy)).
Case : x ∈ [, [ and y =  .
We obtain d(x,STx) =  – x, δ(  ,TS

 ) = , ψ(x) + φ(

 ) = , ψ(x) – φ(Tx) =

 , and φ(

 ) –




d(x,STx)≤H(c(ψ(x) + φ(  )), c(ψ(S  ) + φ(Tx)))(ψ(x) – φ(Tx)),
δ(  ,TS

 )≤H(c(ψ(x) + φ(  )), c(ψ(Sy) + φ(Tx)))(φ(  ) –ψ(S  )).
Case : x ∈ [, [ and y = .
We obtain d(x,STx) =  – x, δ(,TS) =  , ψ(x) + φ() =

 , ψ(x) – φ(Tx) =

 , and φ() –




d(x,STx)≤H(c(ψ(x) + φ()), c(ψ(S) + φ(Tx)))(ψ(x) – φ(Tx)),
δ(,TS)≤H(c(ψ(x) + φ()), c(ψ(S) + φ(Tx)))(φ() –ψ(S)).
Case : x =  and y ∈ [,  [.
We obtain d(,ST) = , δ(y,TSy) = y+  , ψ() +φ(y) = y+ , ψ() –φ(T) =  and φ(y) –




d(,ST)≤H(c(ψ() + φ(y)), c(ψ(Sy) + φ(T)))(ψ() – φ(T)),
δ(y,TSy)≤H(c(ψ() + φ(y)), c(ψ(Sy) + φ(T)))(φ(y) –ψ(Sy)).
Case : x =  and y =  .
Chaira and Marhrani Fixed Point Theory and Applications  (2016) 2016:96 Page 13 of 18
We obtain d(,ST) = , δ(  ,TS

 ) = , ψ() + φ(

 ) = , ψ() – φ(T) = , and φ(

 ) –




d(,ST)≤H(c(ψ() + φ(  )), c(ψ(S  ) + φ(T)))(ψ() – φ(T)),
δ(  ,TS

 )≤H(c(ψ() + φ(  )), c(ψ(S  ) + φ(T)))(φ(  ) –ψ(S  )).
Case : x ∈ ], +∞[ and y ∈ [,  [.
We obtain d(x,STx) = x–, δ(y,TSy) = y+  ,ψ(x)+φ(y) = x+y+,ψ(x)–φ(Tx) = x–

x+ ,




d(x,STx)≤H(c(ψ(x) + φ()), c(ψ(S) + φ(Tx)))(ψ(x) – φ(Tx)),
δ(y,TSy)≤H(c(ψ(x) + φ(y)), c(ψ(Sy) + φ(Tx)))(φ(y) –ψ(Sy)).
Case : x ∈ ], +∞[ and y =  .
We obtain d(x,STx) = x–, δ(  ,TS

 ) = ,ψ(x) +φ(

 ) = x+,ψ(x) –φ(Tx) = x–

x+ , and
φ(  ) –ψ(S





d(x,STx)≤H(c(ψ(x) + φ(  )), c(ψ(S  ) + φ(Tx)))(ψ(x) – φ(Tx)),
δ(  ,TS

 )≤H(c(ψ(x) + φ(  )), c(ψ(S  ) + φ(Tx)))(φ(  ) –ψ(S  )).
Case : x ∈ ], +∞[ and y = .
We obtain d(x,STx) = x– , δ(,TS) =  , ψ(x) +φ() = x+

 , ψ(x) –φ(Tx) = x–

x+ , and




d(x,STx)≤H(c(ψ(x) + φ()), c(ψ(S) + φ(Tx)))(ψ(x) – φ(Tx)),
δ(,TS)≤H(c(ψ(x) + φ()), c(ψ(S) + φ(Tx)))(φ() –ψ(S)).
Case : x = y = .
We have d(,ST) = , δ(,TS) =  ,ψ()+φ() =







d(,ST)≤H(c(ψ() + φ()), c(ψ(S) + φ(T)))(ψ() – φ(T)),
δ(,TS)≤H(c(ψ() + φ()), c(ψ(S) + φ(T)))(φ() –ψ(S)).
Note that T =  and S

 = .


















|y – y′| if y, y′ ∈ [, ]; y = y′,
y + y′ if y or y′ /∈ [, ] and y = y′,
 if y = y′.
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 if x ∈ [, [,






ey if y ∈ [, [∪ {, , . . .},
 if y = .
We have STx =  and TSy = , for all (x, y) ∈ X × Y .




d(x,Sy) =  – x≤ ψ(x) – φ(TSy) =ψ(x) – φ() = ,
δ(y,Tx) =  – y≤ φ(y) –ψ(STx) = φ(y) –ψ() = ey.




d(x,Sy) =  – x≤ ψ(x) – φ(TSy) =ψ(x) – φ() = ,
δ(y,Tx) = y + ≤ φ(y) –ψ(STx) = φ(y) –ψ() = ey.




d(,Sy) =  =ψ() – φ(TSy) =ψ() – φ(),
δ(y,T) =  – y≤ φ(y) –ψ(ST) = φ(y) –ψ() = ey.




d(,Sy) =  =ψ() – φ(TSy) =ψ() – φ(),
δ(y,T) = y + ≤ φ(y) –ψ(ST) = φ(y) –ψ() = ey.




d(x,S) =  – x≤ ψ(x) – φ(TS) =ψ(x) – φ() = ,
δ(,Tx) =  = φ() –ψ(STx) = φ() –ψ().




d(,S) =  =ψ() – φ(TS) =ψ() – φ(),
δ(,T) =  = φ() –ψ(ST) = φ() –ψ().
Note that T =  and S = .
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3 Application
Theorem. Let (X,d) and (Y , δ) be twometric spaces such that (X,d) is complete. Letψ :
X →R+, φ : Y →R+ be two lower semi-continuous functions.Assume that, for (u, v) ∈ X×
Y such that ψ(u) > infx∈X ψ(x) and φ(v) > infy∈Y φ(y), there exists (u′, v′) ∈ X × Y , (u′, v′) =








) ≤ ψ(u) and ψ(u′) + δ(v, v′) ≤ φ(v), ()
then there exists (uo, vo) ∈ X × Y such that
ψ(uo) = infx∈X ψ(x) or φ(vo) = infy∈Y φ(y).
Proof Assume ψ(u) > infx∈X ψ(x) and φ(v) > infy∈Y φ(y) for all (u, v) ∈ X × Y .
For each (u, v) ∈ X × Y . There exists (u′, v′) ∈ X × Y such that





) ∈ X × Y , such that (u′, v′) = (u, v) and () is satisﬁed}.
For all (u, v) ∈ X × Y , we have E(u, v) = ∅ and (u, v) /∈ E(u, v).
We deﬁne the mappings T : X → Y and S : Y → Y Tu = v′ and Sv = u′ where (u′, v′) ∈




d(u,Sv)≤ ψ(u) – φ(Tu),
δ(v,Tu)≤ φ(v) –ψ(Sv).
By Theorem ., there exists (u∗, v∗) ∈ X × Y such that Tu∗ = v∗ and Sv∗ = u∗. Hence,
(Sv∗,Tu∗) = (u∗, v∗) ∈ E(u∗, v∗) which is absurd. 
4 Caristi’s ﬁxed point theorem for two pairs of mappings in Hilbert space
In this section, we prove the existence of ﬁxed points for two simultaneous projections to
ﬁnd the optimal solutions for some proximity functions via the Caristi ﬁxed point theo-
rem.
LetH be aHilbert space, I = {, . . . ,m} and J = {, . . . ,p}; for each (i, j) ∈ I× J , we consider
two nonempty closed convex subsets Ci and Dj of H and we deﬁne the metric projections
PCi :H → Ci and PDj :H →Dj.
For k ∈N∗, we deﬁne k by
k =
{
u = (u, . . . ,uk) ∈Rk ,ui ≥  and u + · · · + uk = 
}
.
For eachu = (u, . . . ,um) ∈ m andw = (w, . . . ,wp) ∈ p, we deﬁne the proximity functions
f :H →R+ and g :H →R+ by
f (x) = 
∑
i∈I





wj‖PDjx – x‖. ()
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z ∈H , f (z)≤ f (x) and g(z)≤ g(x),∀x ∈H}.
Theorem . Let T =∑i∈I uiPCi and S =
∑
j∈I wjPDj be simultaneous projections, where I
and J are deﬁned as above, and deﬁne f :H →R and g :H →R by ().
Then we have







. ‖x – Tx‖ ≥ , for all x ∈ K , where
K =
{
x ∈H ;Tn+x = Tnx for all n ∈N∗},
. there exists x ∈H such that, for all n ∈N, g(Tn+x)≤ g(STnx),
then Fix(T)∩ Fix(S) = ∅.






i∈I ui(x – PCi (x)) = x – Tx,
Dg(x) =
∑
i∈J wj(x – PDi (x)) = x – Sx.





} ⇔ Df (z) = z – Tz =  and Dg(z) = z – Sz = 




x ∈ X; g(Tn+x) ≤ g(STnx),∀n ∈N}.
The set X is nonempty (x ∈ X) and closed (complete).
First step. K ∩X = ∅, there exists z ∈ X such that z /∈ K , so there exists p ∈N∗ such that
Tp+z = Tpz.

























































































= Tpz = STpz.
Second step. K ∩X = ∅. Prove that T(K ∩X)⊂ K ∩X.
Let x ∈ K ; for all n ∈N∗, we have
Tn+(Tx) = Tn+x = Tn+x = Tn(Tx),
which gives T(K)⊂ K ; and since T is continuous, we obtain T(K)⊂ T(K)⊂ K .
For any x ∈ K ∩X, there exists a sequence (zn)n≥ of K such that limn zn = x. Let n ∈N.





































∥∥PCi (zn) – zn
∥∥ + ‖zn – Tzn‖
 – ‖Tzn – zn‖
≤ f (zn) – ‖zn – Tzn‖

≤ f (zn) – ‖zn – Tzn‖.
This leads, for all n ∈N, to

‖zn – Tzn‖ ≤ f (zn) – f (Tzn).
We make n to +∞, which gives

‖x – Tx‖ ≤ f (x) – f (Tx). ()
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SinceK ∩X is complete, so by the ﬁrst inequality of equation (), there exists x∗ ∈ K ∩X




∥∥ ≤ g(x∗) – g(Sx∗) ≤ g(x∗) – g(Tx∗) = ,
we conclude Fix(T)∩ Fix(S) = ∅. 
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